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Line Integrals and Work in Thermodynamics

C. W. David
Department of Chemistry
University of Connecticut

Storrs, Connecticut 06269-3060
(Dated: January 30, 2007)

I. SYNOPSIS

Introductory thermodynamics for chemists usually in-
volves starting with heat and work, and working one’s
way to energy, enthalpy, etc..

Work, for chemists, is so out of the common experi-
ence (sic!, smile) that it behooves us to spend some time
differentiating between work of the common sort, i.e.,
studying, waiting on tables, earning a living, etc., and
work as the physicist defines it, especially in the context
of thermodynamics.

II. INTRODUCTION

Work is a path integral, and that in itself is daunting
for some chemistry students. When we write that force
moving through a distance constitutes work, we are em-
ploying the physicists definition of work. Anything else
is colloquial nonsense as far as thermodynamics is con-
cerned.

Moving a force through a distance, for simple forces
(say constant) becomes

force x distance

but if the force is varying as we move it along, we need
to amend this to

/force(:c) x dx

where force(x) is a spatially varying force, i.e., its value
depends on where we are, and dx is a small (infinitesi-
mal) step along the x-axis. This integral, from xgqre to
T finish, is the total work along the path from start to

finish, i.e.,
finish
/ flz) xdx = /dw
start

where we are equating a differential element of work, dw,
with f(x)dx.

IIT. A NON-WORK LINE INTEGRAL

The ability to do line integrals is central to the study of
the first part of thermodynamics. Consider the arbitrary
invented function

w(a,y) =2y — ™
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whose differential form would be

dw = (2zy — ye™) dx + (2° — ze™) dy (3.1)

We will do two line integrals involving this particular
integrand.

A. 11 and IQ

The first integral of dw will be along the straight line
paths denoted as path; — (x,y) = (0,0) — (0,1) and
then, second, from (0,1) — (1,1), as shown in Figure 1.
For the first part of the path, we have

z(X,y)

FIG. 1: The line integral’s path; —(I; and I2) from (0,0) to
(0,1) to (1,1) and pathe — (I3 and I4) from (0,0,) to (1,0) to
(1,1)

0,1
L = / ((2zy — ye™)dz + (2* — ze™) dy)  (3.2)
0

,0

Since dx is equal to zero if we are following a path of
constant x, i.e.,

0,1

I, = / (1’2 — xe"”y) dy
0,0

and with x = 0, and

0,1
I, = / (02 —0e”) dy — 0
0,0



For the second part of the path we have

1,1 1,1
/ (2zy — ye™) dx — (221 — 1e™") dz —
0,1 0,1

2
(7<)

since y = 1 for this part and dy is zero. The total integral,
the sum of the two parts, is just 2 — e.

One needs to understand why dz is not included in the
line integral of the first part (z isn’t varying) and why
dy is not included in the second part (y is not varying,
just ). One needs to understand that on the first part
of the path, x = 0 always, while on the second part of
the path, y = 1 (always).

1
—l-e—(-1)—=2—-e=1
0

(3.3)

B. 13 and I4

We now re-perform the path integration, this time tak-
ing an alternative path which ends at the same point,
(1,1). This time, we choose paths — (0,0) — (1,0) fol-
lowed by (1,0) — (1,1). This is shown on Figure 1.

For the first part, we have

1,0
I3 = / ((2zy — ye™?) dw + (332 — ze™) dy)
0,0

with y = 0, i.e.,

1,0
/ (2:50 — Oe”o) dx
0

,0

which is zero. For the second part, we have

1,1
I :/ (12 -
1,0

1ely) dy

which gives

Iy = y—€y|(1)

12:1—61—(0—60)
or

pathg =1 —e' +1—2—¢ (3.4)
That equation 3.3 is the same as equation 3.4 is extraor-
dinary, and we will see (vide infra that there is a general
property here to be studied. But before we do that, let’s
attempt to destroy that property.

IV. CHANGING (DESTROYING) THINGS
SLIGHTLY

Imagine we looked at equation 3.1 and for some odd
reason, needed to perform the integral (using a differen-
tial work element slightly altered from before):

dw = (2z — ye*) dx + (2° — ze™) dy (4.1)
yielding an integral:
0,1
/ ((2z — ye™) dx + (2 — ze™) dy)
0,0

instead, where the term 2xy became 2z relative to equa-
tion 3.2 i.e.,

0,1
/ (22 — ye™) dx + (2* — ze™) dy)
C

),0

(4.2)

Again, we do the integral following two paths, although
this time we’ll skip some details.

We have, for the path (x,y) = (0,0) — (0,1) and then
from (0,1) — (1,1), so for the first part, when x=0, we
have

0,1
I = / (0> = 0e”) dy — 0
0,0

and for the second part, when y=1 we have

0,1 22
Ig = / (21‘ — lexl) dx = (2 — em>
0,0 2

Ii=l—-e—(-1)=2—¢

1

0

The total value is then 2 — e.
Finally

1,1
/ (22 — ye™) dx + (2* — ze™) dy)
0,1

which has y fixed at 1. Therefore,

Is = /1 (22 — ") dx
0
which becomes
I = (x— ")y
which is, finally
Is=1—¢e" —(1—¢"

so out final results is —1 — e which is not equal to the
value obtained using the other path!

We'’ve destroyed something, and made the integral
path dependent rather than path independent!



V. COMBINING THE TWO PATHS BY DOING
A “CIRCULAR” INTEGRAL

If this is clear, then what is the integral of the same
integrand about the path:

(‘T,y) - (0,0) - (07 1)

and then from

(0,1) = (1,1)
and then from

(1,1) — (1,0)
and then from

(1,0) — (0,0)

This is the path completely around the square, isn’t it?
Symbolically, one has

j{ (m(s)2y(s) - ew(s)y(s)) ds

where s is the path.

It is possible to combine path; and the reverse of paths
(see Equation 3.4)to get this “circular” path, “circular”
only in the closed nature of the path, since the actual
path is “square”.

If we reverse paths, we obtain e — 2 for its value, i.e.,
1(2 — e), so that the sum of path; (see Equation 3.3)and
reversed paths is zero.

Ah Hah!

Now we’ve gotten somewhere. For the kind of objects
whose integral does not depend on path, an integral from
(a,b) = start to (c,d) = finish gives a value regardless
of the path we choose to employ, and the integral from
(a,b) to (¢,d) and then back again to (a,b) gives zero,
since we’ve followed the topological equivalent of a circle
back to where we started.

A. Pressure as an example

Consider the pressure of an ideal gas,

nRT_E
vV

where V is the actual volume and v is the molar volume,
V/n.

We know that p[v,T] is a function of v and T', which
we indicate with square brackets (so as not to confuse
arguments with multiplication). That means that we can
plot p[v,T] versus v and T in a three dimensional plot,
and at constant v, we can observe the intersection of the
constant v plane with the surface of p[v, T'] giving rise to a
locus of intersection points which constitutes an isochore.

Equivalently, we can choose a plane of constant T, and
plot p[v, T versus v giving rise to the familiar Boyle’s law
hyperbola.

For any gas we know that

) )
dp = (a§’> T + (ai) dv
v T

so we could ask, what is the change in pressure in going
from p; to pe where (for an ideal gas)

RT,
pP1=—
U1
and
RT5
p2=—
V2

Clearly, f:f;;z dp = py — p1. p is a property, and

knowing vy, 77 we know p; and the same for condition
2. Therefore, the change in pressure is just that, po — py.

What if we formally wished to actually do a path in-
tegral, say

’U27T2 'U27T2
R R O R I R
v1,T1 v1,T1 or v v T
and let’s choose a path (v,T1) — (v1,T2) — (v, T%) in
analogy with what we’ve done before. Clearly, we need

to do these two integrals the same as we did the opening
integrals, i.e.,

wetE o (Op dp
= [ Alar) oA,
! v, Ty oT v ov T
T2 Gp dp
11 :/ () dT—|—<> dv
2 v1,T> oT v ov T

11 is being done at constant v and 15 is being done at
constant T', and the sum of the two should be the answer

we desire.
Let us do these integrals in turn. For I1; we have

v1,T2 9
I = / (p) drl
v1,T1 or v
since v is constant. Evaluating the partial derivative we
have
op\ _R
ar ), o

so the integral becomes

v1,To v1,T2
111:/ B ar =2 -1
Ul,Tl v Ul 1)1,T1 Ul

and



I15 becomes, integrating at constant 7' and knowing
that
9\ __ET
o), 2
so that

v T2 BT, 11
sz—/ 2dv:RT2<—)

1,12 v? U2 1
Now 11 + II5 becomes

RT2 RT1 + RTQ RTQ
U1 U1 V2 U1

which gives us the expected result!

B. Altering (destroying) the integral’s path
independence

We had

v1,T> R v2,T2 RT
v v v

v 1,12

for the sum of the two path integrals.
Now again, we surgically change one of these terms,
attempting to destroy what we have. Now we posit

v1,T2 R va, T RT.
/ =dT + / v
v, 1 U v1,T2 v

where we've changed v? arbitrarily to v! in the second
term. We obtain
E (T2 — Tl) — RTgf’n2

U1 U1
which is very, very different from the result we got be-
fore. So different in fact that we have to face the fact
that when the integrand was derived from partial differ-
entiation from a formula (p = £L) rather than arbitrary
functions, something happened to make the path inte-
grals ultimately independent of path and solely depen-
dent of end points. for the sum of the two path integrals.

C. The point

So finally we conclude that there are two kinds of inte-
grals we are interested in, those which depend on path,
and those which don’t. The ones that don’t correspond
to properties, such as the pressure, volume or temper-
ature, and including the energy, enthalpy, entropy and
various free energies. The ones that depend on path,
corresponding to heat and work, need to have a path
specified, because we can not condense them into a form

finish
/ d(something) = something finish—Somethingsiare

start

such as
D2
/ dp =p2 — ;1
P1
and
T>
dl' =T, - T}
T
va
/ dv =v9 — 11
v1
and finally

conditions
/ dE = Ey — Fy

ondition,

VI. WORK (AT LAST)

On the other hand, work, as defined by the physicists,
is moving a force through a distance, which for us is the
resisting force, expressed via a resisting pressure, i.e.,

fres = presA

SO
fresdm = presAdx = presdv

since Adzx is the infinitesimal change in volume. To add
up all the infinitesimal dx’s creates the overall work in
going from the starting point, wherever that is, to the
ending point, i.e.,

conditions
work = —/ Presdv
C

ondition

where we have arbitrarily chosen to work with the mo-
lar expressions temporarily (v rather than V). Now, the
trick in thermodynamics discussions is to understand how
to evaluate this integral (which is a line line integral, be-
ing path dependent) given the specification of path. So
now we explore these various paths. We start with ir-
reversible paths, i.e., those in which the resisting pres-
sure does not equal the actual pressure of the gas under
consideration. Oh, did we forget to mention that we're
dealing with gases, and that most of our examples will
be ideal gases (with perhaps an occasional excursion to
van der Waals gases)?

A. irreversible paths

The most famous irreversible path is the one in which
a gas expands against a zero pressure, i.e., into a vacuum.
We then have

conditions
work = —/ zerodv =0
C

ondition,



no matter where we started from and where we end up.

The second most famous irreversible path is the one
in which a gas expands against a constant non-zero pres-
sure. We picture the gas as existing in a vertical pis-
ton/cylinder arrangement with masses sitting on the top
of the piston to establish the beginning equilibrium pres-
sure. Next, we remove some part of the mass on the
piston so that instantaneously, the resisting pressure is
less than the starting equilibrium pressure. As a result,
the piston will rise, coming to a stop when the internal
pressure equals the external pressure created by the (re-
duced) mass on the top of the piston. The work then will
be

RT

py
d
T prav

Pi

work = —

where p; is the starting pressure, and py is the ending
(final, reduced) pressure. Clearly, since py is constant,
the integral is

RT

»5
work = —pf/ dv
RT

Pi

<RT RT>
work = —pyg | — —
by D

B. The passage from irreversible to reversible
paths

To construct a reversible work path in which we will
pass to the limit of an infinite number of irreversible
paths appended together, we use an example of isother-
mal irreversible work, as illustrated in Figure 3. The four
constant pressure expansions (against changing static
pressures) are carried out irreversibly. The total work
is the sum of the work associated with each of the four
constant pressure steps, each chosen (in our example) to
have one fourth of the pressure drop assigned in going
from the initial to the final pressure.

We then have

Wirrev =

+p2(v2 — Vinitial)
+p3(vs — v2)
+pa(vs — v3)

)

+pfinal(vfinal — U4 (61)

which becomes

Wirrev =
(nRT nRT )
+p2 -
D2 Dinitial
nRT nRT
+p3
b3 Y%

or

wZ’I‘TE’U

D2 plnztml

or

Wirrev =

+nRTK1— P2 )
Dinitial
(-2)

D2

(-2)

D3

(6.4)

Wirrev =
| _ Dinitial AP)

Dinitial

A
+(1_p2+p>

b2

5+ A
+(1_p3+p>

D3

n (1 D4 +AP>}
P4

which becomes, finally,

Wirrev =

—nRT |

() = () + () + (52)

Therefore, the total work is

Wirrev =

It is clear that this can be re-written, in the limit that
Ap goes to zero, and the number of steps increases com-
mensurately, to

Pend ]
Wrey = —nRT/ 'l
Pstart p



which is the standard logarithmic result. Each infinites-
imal irreversible step has the resisting pressure equal to
the gas pressure, so the work is no long irreversible, but
reversible.

Note that one can not easily treat the compression in
the same terms, but the mathematical result is commen-
surate.

VII. A DIFFERENT PATH

If, instead of using equal Ap values at each step, we
used equal ratios of pressures, we would have (possibly)
a different result. Let’s set the number of steps we will
use as m, and set the ratio to

1
ratio = <pf>
Di

where py is the final pressure and p; is the initial pressure.
We had

Wirrev =

+nRT {(1 - >
Dinitial
+ (1 s
b2

(7.1)

as Equation 6.4, which we now rewrite under the current
assumptions as

Wirrev =

+nRT [(1 — ratio

1 — ratio

—~ o~ o~ =

)
+ (1 — ratio)
+ )
+ (1 — ratio)]
which, obviously, is

Wirrev = +nRT'M (1 — ratio)

What then is w;,re, in the expression

1/m
lim <wirmv = —nRTm (1 — (pf) >> — Wyey

(7.3)

in the limit that the number of steps is raised to larger
and larger values, approaching infinity?

In elementary calculus, we learned about taking limits
such as this, and were introduced to L’Hopital’s Rule
as an isolated exercise which (usually) occurred on one
examination paper as one question, and that was the

end of it. It is therefore amusing that in our context,
L’Hopital’s Rule plays the dominant role that it does.
Since L’Hopital’s Rule is taught almost exclusively in
the form of a ratio, we recast the above in that form,
ignoring the prefixed constant for the time being and

obtaining:
(- 6™)

1

m

ratio =

Now, we have the task according to L’Hopital to take
the derivatives of the numerator and denominator of this
ratio (with respect to m), i.e., for the future numerator

we have:
o(-()")

numerator =

We re-write this as

1
f\m
0 En( pi )
numerator = — ————
om
and again:
1 rf
Oe™ tn ( p; )
numerator = —————
om
which is

Lo (7L oL
numerator = —e#le"(pi )fn <pf> 877”
bi m

and one more time (into the fray):

1 Pf 1
numerator = —i—emzn(m )én <pf> 0—5
Pi m
The emergent denominator becomes

1

denominator = -2
om
which is elementary, yielding
denominator = -——
m

so the ratio we seek has the form

e%m(%)fn (%) 8#

1

m2

ratio =

Thus, the final result (i.e., the value of Equation 7.3
becomes

w = —nRT/n (pf>
Di



z(X,y)

X

FIG. 2: The line integral’s path from (0,0) to (0,1) to (1,1)
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FIG. 3: Isothermal irreversible work with constant Ap steps
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FIG. 4: Isothermal irreversible work with constant ratio of

pressure steps
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