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Introductory Mathematics for Quantum Chemistry

C. W. David
Department of Chemistry
University of Connecticut

Storrs, Connecticut 06269-3060
(Dated: October 9, 2007)

I. SYNOPSIS

Since much of the mathematics needed for quantum
chemistry is not covered in the first two years of calculus,
a short introduction to those methods is presented here.
Elegance has been eschewed in the Einstein spirit.

II. ORTHOGONAL FUNCTIONS
A. Dirac Notation

The notation employed in beginning discussions of
quantum chemistry becomes cumbersome when the com-
plexity of problems increase and the need to see struc-

J

Un=3,t=1,m=—1(p, 0, ¢) = 3,1, =1 >= N3 1 1p(4 — p)e " sine "¢

which is a 3p electron’s state (p) is a dimensionless radius.
A harmonic oscillator might have an appropriate ket
of the form

ps() = |3 >= N3 (86%2° —128z) e #*° /2 (2.3)

i.e., the ket notation allows us to indicate inside the
funny delimiters the essential characteristics of the in-
volved wavefunction without extraneous elements which
might distract attention from the overall viewpoint being
propounded!

B. The Dot Product

Returning to the hydrogen atom, the following ‘vector’

<3,1,—1| = N3 1.1p(4 — p)e " sinde ¢ (2.4)

which is the complex conjugate of the original wave func-
tion [I] , is known as a ‘bra’ vector, and the notation

<3,1,-13,1,-1>=1 (2.5)
is a shorthand for
/ Y31 _1¥31,1d7 =1 (2.6)
all space

Typeset by REVTEX

ture in equations dominates. Dirac introduced a notation
which eliminates the ever-redundant ¢ from discourse.
He defined a wave function as a ket.

The ket is defined as ‘|index >= v’, where ‘index’ is
some human chosen index or indicator whose purpose is
to label the state (or the function) under discussion. For
a particle in a box, a potential ket is

Yn(x) = |n >= N, sin (?) = \/gsin (mgx) (2.1)

where the domain is 0 < x < L, N,, is a normalization
constant, and ‘n’ is a quantum number, i.e., an index
chosen by us.

For the hydrogen atom, an appropriate ket might be

(2.2)

(

(i.e., the normalization equation, required so that the
probability of finding the electron somewhere is 1, cer-
tain(!)), which itself is shorthand for the complicated
three-dimensional integral, usually display is spherical
polar coordinates.

One sees that constructing the ‘bra’ket’ [2] consists of
two separate concepts, making the ‘bra’ from the ‘ket’
by using the complex conjugate, juxtaposing the two in
the proper order, and integrating over the appropriate
domain. The analogy of this process is the dot product
of elementary vector calculus, and it is here where we get
our mental images of the processes described.

In three space, z, y, and z, we have unit vectors i, J, IAc,
so that an arbitrary vector as:

R =Xi+Yj+ Zk
could be re-written as
|Ry >= X|i > +Y|j > +Z|k >

In this space, one doesn’t integrate over all space, one
adds up over all components, thus

<R1|R1 >:ﬁ1~ﬁ1:X2+Y2+Z2

since |[¢ > is orthogonal (“perpendicular”) to |j > and
|k >, etc..



In the same sense,

larb >= ch\/zsin (%)

where |arb > is an arbitrary state. This is our normal
entry point for Fourier Series.

Before we go there, let us re-introduce orthogonality,
ie.,

2.7)

<nlm>=0= / Vihpdr 3 m#n (2.8)
domain

where the domain is problem specific, as is the volume

element d7. This orthogonality is the analog of the idea

that

i-5=0

as an example in normal vector calculus.

III. FOURIER SERIES
A. Particle in a Box vis-a-vis Fourier Series

The normal introduction to orthogonal functions is via
Fourier Series, but in the context of quantum chemistry,
we can re-phrase that into the Particle in a Box solution
to the Schrodinger Equation, i.e.,

h? 924

T 0= By

2m Ox2 (3.1)

in the box (domain) 0 < 2 < L. The solutions are known

to be
/2

where n is an integer greater than zero, and L remains
the size of the box.

Now, a Fourier Series is an expansion of a function
(periodic) over the same (repeated) domain as above, in
the form

| function >= ch\z> ch\/>s1nm

(where we changed index for no particular reason from
n to 4, other than to remind you that the index is a
dummy variable). The question is, what is the optimal,
best, nicest, etc., etc., etc., value for each of the ¢; in this
expansion?

(3.2)

(3.3)

B. A Minimum Error Approximation

To answer this question, we look for a measure of error
between the function and the expansion. To do this we

define a truncated expansion:
(3.4)

where, contrary to the partlcle in a box, we have em-
ployed the i=0 particle in a box basis function. Now, we
form an error at the point x:

| function > —8,,(z) = err(zx) (3.5)

and notice that if we added up this error for every value
of z in the domain 0 < z < L we would be approaching
the concept we desire, a measure of the error, the dif-
ference between the function and its approximation, the
truncated series.

But, you say, sometimes the error (err(z)) is positive,
and sometimes its negative, depending on circumstances.
We want a measure which counts either effect properly,
and the answer is to define a new error

(|function > —Sm(x))> = ERR(z) = [err(z)]®  (3.6)

where clearly, the L.h.s. is positive definite, and therefore
can not give rise to fortuitous cancelation.

[function>-
S_(x)

ERR(x)

AT A T T

FIG. 1: Error involved in approximating a function.

So, adding up ERR(x) at each point x in the domain,
we have

L L
/ (|function > —Sp, (x))? dz = / ERR(z)dr = ERROR,,
0 0
(3.7)



ERROR,, is now a postive definite number which mea-
sures the error committed in truncating the approximate

series at m. We re-write this explicitly to show that sum-
mation:

J

L m . 2 L
2
/ <|functz'0n > — g cit/ 7 sin Zﬂ;) dr = / ERR(x)dx = ERROR,,
0 Pt 0

and form the partial

OERROR,,
aCj

AERROR,, L ‘ Ui \/? Tz \/? L
83_2{/0 <|functzon>;ci LsmL> Zsmfdx

(

holding all other ¢; constant, where ¢ = 0...j...m, which
is

(3.10)

which we set equal to zero. This means that we are searching for that value of ¢; which makes the ERROR an
extremum (of course, we want a minimum). This leads to the equation

L . L m . .
/2
/0 {|function > (smjzx) } dx = /0 { <i_g y i\l T sin M?) sin sz} dz

(3.11)

and, since one can exchange summation and integration, one has

L . m L . .
2
/0 | function > (sm‘T) dr = i:E > /0 (CM/ I sin m;) sin %dm

(3.12)

But the right hand side of this equation simplifies because the sines are orthogonal to each other over this domain,

so the r.h.s. becomes

L . L . .
/2
/0 | function > <sm‘77£x> dx = c; /0 ( I sin T) sin ]%xdm

since the only survivor on the r.h.s. is the i = j term.

L function > (sini™=) dx
_ b I

c; = (3.14)
J L 2 i JTT s jTx
Io <\/;sm T) sin “7-dx
Multiplying top and bottom by ,/2/L one has
tionli
¢ = < function|j > (3.15)

<Jjli>

which is fairly cute in its compactness. Of course, if |j >
is normalized (as it is in our example) then
¢; =< function|j > (3.16)

which is even more compact!

(3.13)

(
C. Completeness

What if we wanted to approximate a function of the
form

. Tnx

sin —

7 (3.17)

and i=7 were omitted from the summations (Equation
3.3]), i.e., the summation ran past this particular har-
monic. It would look like:

Lo 67r:c+ . 87T1‘+
<o+ cgsin — +cgsin —— 4+ -+
R A

Clearly, since each sine is orthogonal to every other
sine, the seventh sine (sin ”TI) would have no expansion

in this series, i.e., each ¢; would be zero! We can not



leave out any term in the series, i.e., it must be complete,
before one can assert that one can expand any function
in terms of these sines (and cosines, if need be). Said
another way,

Trx £ o+ . lwx n . 2w n
—— #£ gt cysin— +cosin—— + - - -
L LR A

sin
since the one term on the r.h.s which is needed, was, by

assumption, absent!

IV. LADDER OPERATORS
A. Laddering in the Space of the Particle in a Box

We start by remembering the trigonometric definition
of the sine of the sum of two angles, i.e.,

sin(a + ) = sinacos 8 + cos asin « (4.1)
We seek an operator, M+ which takes a state |n > and
ladders it up to the next state, i.e., |[n+1 >. Symbolically,
we define the operator through the statement

Mt n>—|n+1> (4.2)
and we will require the inverse, i.e.,
M in>>n—-1> (4.3)

where the down ladder operator is lowering us from n to
n— 1.

One sees immediately that there is a lower bound to
the ladder, i.e., that one can not ladder down from the
lowest state, implying

M~ |lowest >=0 (4.4)

B. Form of the UpLadder Operator

What must the form of M+ be, in order that it function
properly? Since

(mn) . mr:v+ (mm:) . (7r
sLsmL cos 7 smL

One has, defining the up-ladder operator M ™

e (sin (PF5)) - sin () — cos () ) sin " s ()

which looks like

L
M+|n >— COS (Lx) |n >+ <> sin (@) Oln > =|n+1>
L nm T

The £ takes out the constant generated by the partial

. nm
derivative.

What this is saying is that there is an operator, M,
which has a special form involving a multipier function
and a partial derivative, whose total effect on an eigen-
function is to “ladder” it from n to n + 1.

o () + (L) n(3)

written as an operator.

C. The DownLadder Operator

We need the down operator also, i.e.,

sin 7(71 — U _ coS (@) sin % _sin (E) cos 2=
L B L L L L

making use of the even and odd properties of cosines and

) sines, respectively.

L 0
M‘\n>—>cos<ﬁ) |n>—()sin(m> |n>—>|n—1>
L nm

L or

(

D. Ladder Operators in the Operator
Representation

Stated another way, in the traditional position-
momentum language, one has

L x

Mt = cos%r — (mr) sin %x% (4.5)
L B

M~ = cos L[ic + <n7r> sin %Zj—h (4.6)



E. Ladder Operators and the Hamiltonian

We need to show that this ladder operator works prop-
erly with the Hamiltonian, i.e.,

P
2m

Hop (47)

and to do this we assume
Hopln >=€ln >

and ask what happens when we operate from the left with
M (for example). We obtain

where we want to exchange the order on the lLh.s. so
that we can ascertain what the eigenvalue of the oper-
ator M¥|n > i, ie., we need the commutator of the
Hamiltonian with the ladder operator,

Hy,, M™T

op»

[ | = H,,M* — M*H,,

Remembering that

[P, ] = —1h

M™% Hypln >=eM™|n > (4.8)  one forms
|
2 2
o Pe ™ (EVan ™ 2N (cos T (B )i D) (P
[Hop, MT] = (2m> (cos T + (mr) sin —= o~ cos — + —)sin—m o | {5 (4.9)

F. Some Precursor Commutators

3 T
First, one needs [p,, cos %],

TT, 0 T T 0
[ps, COS f] = fzh% cos <f) — cos (f) <Zh8x>
(4.10)
which works out to be
T T . (TX T T
[ps, cOS T] = th sin (f) = P COS == — COS Py
(4.11)

or, in the most useful form for future work:

)

L

T

L

)pw + zh% sin (wx

. ) (4.12)

Pz COS (

One needs the same commutator involving the appro-
priate sine also:
—sin
)—sin (7

FZ‘)]
(4.13)

() =pesn (2

L

T
= —1h— cos

[P, sin ( 7

L

™r

(

. ( T ) , ( T
Pgsin | — ) =sin
L

T
7 » — th— cos

oo Fes()

Next, one needs [p2, cos (Z£)] (and its sine equivalent).

T™r

r)
) —eos(

2

X
= DzPz COS (f) — cos ( Dy

which we re-write, factoring, as
(mc

e () -

which we re-write as

™r

L

T

L

i
Pz + th— sin pi

L

)

T

S\

™
L L

L

2
T

= pacos () pa + b [pesin ( )
)prpmcos Pz +2 17 Pz sin P

J

T T
— 1 JRS—
1h— sin

(=

L

(

= zh% sin (

) oo

ie.,

T

L

T™r

()i 40

= zh% sin (mg

™
Y p, ke
L)p Ty

) px) P + Zh% {pm sin (71—55

L

oo ()

i () pe =g eos (7))



o (521 = 20 () e () s (5

o () =i ()1 () o () o)

(

Now one needs [p2, sin (%£)] which we re-write as

[p?,sin ( ) 2 sin (%) —sin ( )pi (4.16)

ie.,

o (o () ) - [ 5) (e T 0o ()]
o () =20 s () 11 (5) 0 ()

2
() =20 m () () s () 4 ()

(

We had, in Equation the following, which we now wish to reverse. We need the commutator
of the Hamiltonian with the UpLadder Operator [3].
MT Hypln >=eM™|n >

1= 2 (on () - i ()} ) - oo

which becomes

2 2
o T Py L (. (7N Pz
H,, Mt =Lz (7)_717{ (—)}——MJ”HO 417
[Hop } 2m o8 L 2m nmw S L 1h b ( )
[
expanding, and using the previously obtained commutators,
1 T 1 L
Hop M%) = L peos (T2) - L 2
[Hop, ) om P L 2m nw



1 m T T\ 2 T T
1 T (7T 2 (T U TLY 2
[Hop, M7 = 5 {2zthm(L)pm+h (L) COS(L)-FCOS(L)]%}
1 L ™ T o (T2 . [T . (TZ\ o | Pa i
Zmnﬂ'{ 2thCOS<L )pm h (L) sm(L>—|—sm(L>pz} 7 M™H,p (4.18)

which expands, at first, to

[Hop, M) = % {Qzﬁz sin (7%5) pe + B (%)2 cos (T)}

fﬁ% {227’22 cos (%) pe — 12 (%)2 sin (ﬂ;)} % (4.19)

[Hop, M) = ﬁ {2zhs1n<;)px+ﬁ (L) cos (LI)}
A (-t D (D) 0
2m[H,,, M*] = 227’1% sin (—) pe + h2 (%)2 cos (%) _2 cos (%) _— %% (%) sin (W—Lx) Da (4.21)
2m[H,pp, MT] = (2lh + ;?) %sin (%) pe +h° (%)2 cos (7%7) + %COS (W—;) P2 (4.22)
2m[H,p, MT] =1h (217’1 + i?) % {sin (%) ];—;} +h? (%)2 cos (L;) + %cos (7%%) P2 (4.23)

and substituting for {sin (%) ’Z’—g} one has

2m[Hyp, MT] = h*(1 + 2n) (%)2 {M+ — cos (L;)} + n? (%)2 cos (%) + %cos (%x) P2 (4.24)
0L (2 o () (B () 2en() e

o 0071 =12 (2 (o) = () feos () g (7)o () + 2o (F)
(4.26)
[Hop, MT] = 1? a ;—m2n) (%)2 {M*} + % (%)2 (2n) cos (W—Lx) + %cos (7%17) H,, (4.27)

(

1. Alternative Formulation



0
~(7) e (F) -7 (7) 5
+E cos (7%) % + % sin (wfx) %
1

o () e e () 54

g (o (7)o (7)) = (o () o () ) 5 -
72—7Tsin (Lx) ﬁ
L L/ 0z
(1) ()
+%cos (%) %

(D) 5
(L) (D) g () e (D) 2eos(F) g

= (T ap) TOr e (E) = () e () + 2o () 3

or

e (5 o v e (5)) - (5 e () + (5
B (5 s (3 s () ()
[H,M"] = _% (_ (%)2 2n+1)MT + (%)2 (2n) cos (%) + %cos (%) 86—;2

L L L

[H,M*) = _12 <_ (ﬁ)Q 2n+1)M™* +2n (%)2608 (mc)) - %COS (Lw) I 872

Hin >=e,|n >
and, operating from the left with M T one has

M*tHn >=e, M |n >=¢,n+1>

2m 92

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)



and since [H, M*] = HM™ — M*H, one has

HM™ |n > —[H,M"]|ln >=¢e,ln+1 >

Hin+1>~[H,M")|In >=¢e,ln+1 >

H 1
n+1>+ 17

2m

n’ (— (5)2(2n+1)M++2n (%)QCOS (?)) |n>+%cos (B) n* o2 In >=epn+1>

L) 2m 922

h? 2 2 2
Hn+1>+— —(E) (2n+1)M™* +2n (ﬁ> cos (Lx) |n > ——= cos (W—m) enln >=epn+1>
2m L n L

L

L

Hln+1> +% ( (3)2 (2n +1)M™* + {Qn (

Hin+1>+

L

7r>2 4m (7rx> n > n+1>
— ] — —e€,| cos | — n>=e,|n
L) "R L ‘

% (_ (%)2(271—1— 1)M+> ln >+ {Qn (%)2 _ 32;@] cos (%) In >=exln+1>

h? 2 2 4
H|n—|—1>+% (—(W) (2n—|—1)> |n+1>+{2n(ﬂ) —men}cos(m)|n>=€n|n+l>

L

L L

nh?

Hin+1>+ {271 (ﬁ)Q - s;nzen} cos (E) [n>=¢€pn+1> —i—ii ((ﬁ)2(2n+ 1)) In+1>

L L

From this we conclude that, if the elements in square
brackets cancelled perfectly, M*|n 4+ 1 > would be an
eigenfunction, i.e., if

2 4
+ [Zn (%) - ng;en} =0 (4.36)
ie.,
n2h3n2
€n = 5
2mL
then

Hln+1>= (en+2h; <(2)2(2n+1))> n+1>

Sines and cosines form a complete orthonormal set, suit-
able for Fourier Series expansion, where ‘ortho’ means
that each member is orthogonal to every other member,
and ‘normal’ means that one can normalize them (if one
wishes). There are other such sets, and each of them
shows up in standard Quantum Chemistry, so each needs
to be addressed separately.

2m L

(
V. HERMITE POLYNOMIALS

The relevant Schrodinger Equation is

h? 92 ko,
- - =F 5.1
o RV T oF Y =B (5.1)
where k is the force constant (dynes/cm) and p is the
reduced mass (grams). Cross multiplying, one has
> kp o

822 h2 z

which would be simplified if the constants could be sup-
pressed. To do this we change variable, from z to some-
thing else, say x, where z = ax. Then

o oxo 10

2
W= —FT’;Eqp (5.2)

0z 9z0r «adz
SO
1) 02 ku 21
and
0? k 2
72% h—'[;oflmzw = —a2h—/;Ew (5.4)



which demands that we treat

ku 4
1:?0[

1/4
<1>/ (ﬁ2>1/4
o = e = —_—
k
i oy

With this choice, the differential equation becomes

G

o (5.5)

) = —ep
where

h2
202uE 2 FaHE 2E.\/E
€ = = =

K2 hi

h2

A. A Guessed Solution

The easiest solution to this differential equation is

N

x

e 2

o 22
N+¢0 = N+|O >= <_l‘ +1‘) e 2

Doing this operation again, one has

2

a x
Ny = NT[1 >= (— + x) 2pe™ 7 = (—2+4a2)e " /2

10

which leads to e = 1 and

B. Laddering up on the Guessed Solution

Given

z2

wo = |O >= e_‘T

with € = 1, it is possible to generate the next solution by
using

0
+__ _ 7
NT = 8x+x

(5.6)
as an operator, which ladders up from the ground (n=0)
state to the next one (n=1) To see this we apply NT to
1 obtaining

(—2) o +ato =2z 2= = 1 > (5.7)

(

where H(z) is going to become a Hermite polynomial.
One then has

ox
(5.8)
etc., ete., etc..
dw _ —x2/2 —x2/2 dH(x)
dr € H(x)+ dx
C. Generating Hermite’s differential equation
Assuming
Y= e_wz/QH(x) and
d? dH d’H
d—;ﬁ = —e_mZ/QH(m) + J;Qe_ﬁ/zH(x) - 2xe‘$2/27dix) + e_rZ/Qidxgx)
From Equation [5.5| one has,
0? dH d’H
@w — 2% = —e_xz/QH(x) - 21,@—&/2# + e_xz/QTgx) = —ee_”Z/QH(m) (5.9)
[
or which we re-write in normal lexicographical order
dH(z) d*H(x) d*H (x) dH ()
—H(z) - 2s— =+ — 5~ = —eH(z)  (5.10) T 2 — (1= H(x) =0 (5.11)



11

D. An alternative solution scheme so, integrating each side separately, one has
Starting with Iny = —x? + InC
% +2zy =0 (5.12)  or, inverting the logarithm,
one has y = Ce— "
% = —2xdx We now differentiate Equation obtaining

d?y d(zy) d?y dy de  d?y dy
— 42 =—42r—4+2y—=—"5+2r—+2y=0;n=0 5.13
dz? dx z2 + Tl + Yoz a2 T Ty o (5.13)

Doing this again, i.e., differentiating this (second) equation (Equation [5.13)), one has

dx dx dx dx? v dx

dy dy
Ay gt g (%) d($) d
Cdaz | T2dn % ) gy +4(dy)0;n1
X

which is the same equation, (but with a 4 multiplier of d* f(x) 12 df (x)
the last term) applied to the first derivative of y. Take dxz? dz
the derivative again:

+6f(x)=0;n=2

f(z) has the form g(gc)e_’:2 where g(z) is a polynomial

2 dy dy
d (ddzdg + Qxdd? + 4%) 0 in x.
dx N
. d2 7I2 d 7z2
ie., g(;x)?e 49 g(:zzi); 2+ )g(@)e =0
o(g) i)
122 + 2z e +6 <dfc2> =0 ie.,

(9" (x) — 4ag'(x) — 2g(x) + d2g(x) + 20¢' (x) — 4ag(x) + 2(n + Dg(x)) e =0
[

or ie.,

1 /
g"(x) = 2zg'(x) + 2ng(z) = 0 k
E="nh(n+1/2)y]—
and we had (see Equation [5.11) #

1" !/
H(z) = 200 (z) = (1 = 9H(z) =0 E. Frobenius Method
which leads to
The most straight forward technique for handling the
2n = —1+¢€ Hermite differential equation is the method of Frobenius.
We assume a power series Ansatz (ignoring the indicial
ie., equation argument here), i.e.,

2F k — el
6:1+2n:7’u/ v ;al:c




and substitute this into Equation obtaining

824

— = (i —1)a;z" 2
2
Ox 5

9 o
—23:% = —Q;Z%m

(e—l)w:(e—l)Zaixizo

ie.,
0% 2
T = 2z + (3)(Daas + (1)(Baaa? + -
—Qxa—w = —2ayx' — 2a92°% — 2a3x3 —
Ox
(e —1)p = (e — Dag + (e — Dayz + (€ — Daga® —--- =0

which leads to

(3)(2)az + (e — 1)a; — 2a; = 0 (odd)
(4)(3)as —2a2 + (e — 1)az = 0 (even)

(5)(4)as — 2a3 + (e — 1)az = 0 (odd)

etc., which shows a clear distinction between the even
and the odd powers of z. We can solve these equations
sequentially.

We obtain

a _2+1-—€
EEIP)

“e % - (2<+4>1<:5 ) <<1z>_<16>>

0y = <(3e)(1 - e)>
(4)(3)(2)(1)
etc..

This set of even (or odd) coefficients leads to a series
which itself converges unto a function which grows to
positive infinity as x varies, leading one to require that
the series be terminated, becoming a polynomial.

We leave the rest to you and your textbook.

a1

ie.,

VI. LEGENDRE POLYNOMIALS
A. From Laplace’s Equation

There are so many different ways to introduce Leg-
endre Polynomials that one searchs for a path into this
subject most suitable for chemists.

12

Consider Laplace’s Equation:

2 2 2
T2y = IX X O

= 922 oy? 022 (6.1)

which is a partial differential equation for x(z,y, z). For
our purposes, the solutions can be obtained by guessing,
starting with y = 1, and proceeding to x = =, x = y and
x = z. It takes only a little more imagination to obtain
x = xy and its associates y = yz and x = xz. It takes
just a little more imagination to guess y = =2 — 32, but
once done, one immediately guesses its two companions
x =22 — 22 and y =y% — 22

Reviewing, there was one simple (order 0) solution,
three not so simple, but not particularly difficult solu-
tions (of order 1) and six slightly more complicated solu-
tions of order 2. Note that the first third-order solution
one might guess would be x = xyz!

If one looks at these solutions, knowing that they are
quantum mechanically important, the 1, x, y, and z so-
lutions, accompanied by the zy, zz, yz, and 2% — y? so-
lutions suggest something having to do with wave func-
tions, where the first function (1) is associated in some
way with s-orbitals, the next three (z, y, and z) are as-
sociated with p-orbitals, and the next (of order 2) are
associated with d-orbitals. If all this is true, the per-
ceptive student will wonder where is the d,2 orbital, the
fifth one, and how come there are six functions of order
two listed, when, if memory serves correctly, there are 5
d-orbitals! Ah.

(v =2%) + (" — )
can be rewritten as
(" =2%) + (2" = ¢") + (2" = &)
which is
2?4y 422 - 322
or as
r? — 322

which combines the last two (linearly dependent) solu-
tions into one, the one of choice, which has been employed
for more than 50 years as the d,2 orbital.

In Spherical Polar Coordinates, these solutions become
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T < rsind cos ¢
y < rsindsin ¢

z & rcosd
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xy < rsind cos ¢rsin ¥ sin ¢ = 2 sin” ¥ cos ¢ sin ¢

xz < rsind cos ¢r cos ¥ = 2 sin ¥ cos ¥ cos ¢

yz < rsindsin ¢r cosY = 12 sin 1 cos ¥ sin ¢
22 —1y? & r?sin® ¥ cos? ¢ — r? sin? ¥sin? = 12 (sin2 0 [0082 ¢ — sin® qﬂ)

r? =322 & r? = 3r2cos® 9 = r? (1 — 3cos? 19)

Now, Laplace’s equation in spherical polar coordinates
is
2 0x
1 87" Br 1

2 —_—
VX= 275 ety a0 9

(6.3)
Next, we notice that our earlier solutions were all of the
form

X = rfyé,mg (Ta 197 (b) (64)

where ¢ specifies the order, 0, 1, 2, etc., and the func-
tion of angles is dependent on this order, and on another
quantum number as yet unspecified. Substituting this
form into the spherical polar form of Laplace’s equation
results in a new equation for the angular parts alone,
which we know from our previous results. We substitute
Equation [6.4] into Equation [6.9] to see what happens, ob-

taining

1 Or2 67“(37@,771[

2.4 _ or
VI Dem = 75—
. 8"13; ,m
N 1 Sinﬁasmﬁi&g £ N 0%r*Vo.m,
r2sin9 oV O¢?
=0

1
v%fygyme =/{(0+ 1)%*232277,” +rt2 — |ﬁin19
sin” 9

which, of course, upon cancelling common terms, gives

]- a2yf,mg _
£(£+1)y£,m[+m 99 + 962 =0

(6.8)

(6.2)

which, by the nature of partial differentiation, becomes

1 87"28—7":
V2 im, = Vem, 5572
. 83;2 m
1 Osind—"£ 92y
4 : 99 £,my
—_— 0, =0(6.5
" r2sin® 9 - 09 + 02 (6.5)
and the first term in Equation [6.5]is

10220
— ro= (4 1)t 6.6
rz2  or r2 (+1r (6.6)

so, substituting into Equation [6.5] we obtain

. ayﬂ,m
Isind—75"t 92V,

5 e | =0 (6.7)

(

Laplace’s Equation in Spherical Polar Co6rdinates on the
unit sphere, i.e. Legendre’s Equation!



What then are these angular solutions we found?

{=0;1

= 1;sinv cos ¢
{=1;sinvsin ¢

¢ =1;cos?

¢ = 2:sin Y cos ¢ sin ¢

£ = 2;sin v cos ¥ cos ¢

0 = 2;sin v cos ¥ sin ¢

l=2; (sin2 9 [0032 ¢ — sin® qﬂ)
{=2; (1 — 3c08219)
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and if you check back concerning their origin, you will
see where the Hydrogenic Orbitals naming pattern comes
from for s, p and d orbitals.

These functions have been written in “real” form, and
they have “complex” (not complicated) forms which al-

(6.9) low a different simplification:
J
lse£=0;1
20} —1¢
Wy & € = 1;sim9%

e — e
2p, & = 1;siny | ————
et i (250
2p, < 0 =1;cos?

X0 —1¢ 1P _ g
3dw<:>£=2;sin219<e Te )(6 ° )

2 2
1P —1¢
3d,, < ¢ = 2;sin cos 19%
oib _ om0
3d,. < ¢ = 2;sinv cosv <2>
7

. e 4 e 2 e — gm1b\
3dy2_ 2 & L =2; <81n219 [(2> — (22>

3d,2 < £ =2; (1 —3cos® V)

Once they have been written in imaginary form, we can
create intelligent linear combinations of them which illu-
minate their underlying structure. Consider 2p, + 2p,
which becomes

sin 9e*?

(employing DeMoivre’s theorem) aside from irrelevant
constants. Next consider 2p, — 12p, which becomes

sin ge ¢

(6.10)
We have a trio of functions
2Pm,=—1 = sin Pe~
2pm,=0 = cos ¥
2Pm,=+1 = sin Jetr? (6.11)
(6.12)

which correspond to the my values expected of p-orbitals.
You will see that the same “trick” can be applied to
dyz- and dy..

Finally, the same trick, almost, can be applied to d,
and dy2_,» with the my = 0 value reserved for d,2, all by
itself.



B. From the Hydrogen Atom

Perhaps the next best place to introduce Spherical Har-
monics and Legendre Polynomials is the Hydrogen Atom,
since its eigenfunctions have angular components which
are known to be Legendre Polynomials.

The Schrodinger Equation for the H-atom is

15
the sense that
|7’7,, @7 my >= RnJ(T)yZ?mg (197 ¢)

Here, R, ¢ is the radial wave function, and ) ,, is the
angular wave function (a function of two variables), Since

2 Or 72 sin2 ¥ Bl o2 | r

B 2Me

R 9 Ze? 5 1 8’;—? 1 ) 8sin198% 02
— CV |n,€,mg>—7|n,£,mg >= E,|n,{,my > \Y4 = 35 Sl sin 9 50 +@
(6.13)
We know that this equation is variable separable, in
J
28R R YCAY 2
9 9 Y or<g: R . Osindgg 0%y
4 =V*R, me(0,0) = = 9
Vv |n7 My > \% 7[(7’)3247 2( ¢) 2 Or r2 sin219 s 99 + a¢2
which means that the Schrodinger Equation has the form
2 or29R Hsin 9y 2 72
n {y r8r+ R sin S 819—&-6)}1} eRy:EnRy

Dividing through by R, ¢Yem, (abreviated as RY) we have

By s L LA S | Gy
2me | Rr?2  Or r2Y sin® 9 oY 02 T

Multiplying through by 72 shows that the expected variable separation has resulted in a proper segregation of the

angles from the radius.

1 0r? 9k 1

: oy
Osind Gy

2mZe%r 2m

9
R or | Yt lsm a0

e S

2 h?

82y
92

We can see this by noting that the underbracketed part
of this last equation is a pure function of angles, with no
radius explicitly evident.

It is now standard to obtain (recover?) the equation

(6-8)

Osin 9 Y 2
7.1 5 sin ¥ S Y 59 + oy
Ysin® ¢ o9 02

1 = —0(l+1) (6.14)

where the minus sign (which is essentially arbitrary) is
demanded by convention.
Cross multipilying by ), one has

Osin 9y 2
! [sinﬂ S Y 5y —1—83)

sin ¥ Gr) (%Q] =—(({+1)Y (6.15)

which is written in traditional eigenfunction/eigenvalue
form.
C. Another Form for the Legendre Differential
Equation

A change of variables can throw this equation (Equa-
tion [6.15)) into a special form, which is sometimes illumi-

nating. We write

1= cosv
and
% C sind = VT o= 12
SO

9 _(ory 2
a0~ \a9) ap
which is, substituting into Equation [6.15]

7= (V=) 5
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VRV

where the ¢(¢+1) form is a different version of a constant,
looking ahead to future results!

o(1-m%) gy

a + 952 =—l(l+1)Y (6.17)
where
Vom, (9, 8) = €™ Sy 1, (9)
For my = 0 we have
o ((1—p%)%5ze)
—L(L+1)Se o (6.18)

op

i.e., Legendre’s equation.
)

D. Schmidt Orthogonalization

We assume polynomials in p™ and seek orthonormal
combinations which can be generated starting with a con-
stant (n=0) term. Then the normalization integral

-1

<0[0 >= Yidp =1

+1

1
|0>\£

We now seek a function |1 > orthogonal to |0 > which
itself is normalizeable. We have

-1
1
0=<1]|0>= / z&l\/;du
+1

which has solution ; =

[] implies that

Niz. Normalizing, we have

Pldp=1= [ Nip*dp
+1 +1

<11 >=

which yields

ie.,

7 + 557 (6.16)

(

] =—Ll+1)Y

To proceed, we need to generate a function |2 > which
is not only normalizeable but orthogonal to |0 > and

1 >.
< 2|0 >=/ 1/)2\/;1”:0
+1
<21 >=/ ¢2\/7uduzo
+1 3

where |2 > is a polynomial of order 2 in y, i.e.,

and

Yo =12>=au®+b

Substituting, we have

-1
1
<2/0 >:/ (au2+b)\/7du0
+1 2
<21 >=/ (au2+b)[udu:0
+1 2

We obtain two equations in two unknowns, a and b,

V3 (5 +2) =0

and the other integral vanishes automatically. i.e.,

and

a
-+b=0
3+

ie, a= —3bso
12 >= —3bu® +b
in unnormalized form. Normalizing gives

-1
<22 >= / (—3bu? +b)%du =1
+1

ie.,
-1
<2)2>= b2/ (=3u? +1)%du =1
+1

which gives

- 1
= -1
f+1 (—3#2 + 1)2dﬂ

where, of course, we recognize the sign ambiguity in this
result.

One can continue forever with this Schmidt Orthog-
onalization, but the idea is clear, and there are better
ways, so why continue?



E. Frobenius Solution to Legendre’s Equation

We start a Frobenius solution without worrying about
the technical details of the indicial equation, and just
assert that the proposed solution Ansatz will be

o0
= Z Capt = coteipteap®+--- (6.19)

n=0

Seo(p) = y(u)

which we substitute into the differential equation:

o ((1—p2) %)
op

—L(€+ Dy(p) (6.20)

J
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which leads to

Py(p)  ,Py() . dy(w)
Ou? K Op? H ou

FO(+1)y(p) =0 (6.22)

so that when we feed the Ansatz into this differential
equation we obtain

(2)(1)ea + (3)(2)eap + (4)(3)cap® + (5)(4)05u3
—* ((2)(D)e2 + (3)(2)cap + (4)(3)eap® + (5)(4)es i’ )

—24 (c1 + (2)cap + (3)03M2 +(
+0(C+1) (co+ crpp+cop® +esp® +++-) =0

C4M + - )
(6.23)

(2)(Lez + (3)(2)esp+ (4 (B)eap® + (5) (A esp® - -
~(2)(Vezp® = (3)(2)eap® — (4)(3)eap” — (5)(4)esp® — -+
—2c1p — 2(2)cap® — 2(3)ezp® — 2(4)eqpt — -

H(0+1)co + (L + Vepp 4+ (0 + V)eap® + (04 1)esp® +--- =0

which, in standard Frobenius form, we separately equate
to zero (power by power) to achieve the appropriate re-
cursion relationships. Note that there is an even and an
odd set, based on starting the ¢y or ¢;, which correspond
to the two arbitrary constants associated with a second
order differential equation. We obtain
(2) (Ve + 4L+ 1)cg =0
+(3)(2)esp — 2 p + (L 4+ 1)cyp =0
+(4)B)eap® = (2)(Deap® = 2(2)cap® + (L + Veap® = 0
(5)(4)esp® — (3)(2)eap® — 2(3)eap® + £(£ + V)esp® = 0
—(A)(B)eap® — 2A)ea® + -+ ete =0

(2)(1)ca + (€ + 1)cp =

(£+1)co =0
+(3)(2)cs —2c1 + (4 1)y =0
F(@)B)ea — (2)(L)ez — 2(2)ea +£(£+ 1)cz =0
(5)(4)es — (3)(2)03 —2(3)es + (0 + 1)63 0
—(4)(3)eap® — 2(4)eap® ete+--- =0 (6.25)
(2)(D)ez = —£(£+ 1)co
+3)(2)es = 2 — Ll + 1))y
+(4)B)ea = (2)(1) +2(2) = £(L+1))ce
(5)(4)es((3)(2) +2(3) — £(€ +1))cs
—(4)(3)cap® — 2(4)eap® etc+--- =0 (6.26)

(6.24)

(

ete. (6.27)
which we re-write in terms of ¢y and ¢; only, i.e.,

(e+1)
2!

@+U+1)
®r "

) ++1)N (_le+DN

@) >(< 2 >0

= (((3)(2) —2(3) +4(0 + 1))) (_ 2+ 04+ 1))) .

(5)(4) (3)(2)

Cy = — Co

C3 — —

(((2)(1) -

i:28)

80 Seo(p) = fico+ fac1 where f1 and fo are power series
based on the above set of coéfficients. For an even series,
declare ¢; = 0 and choose an ¢ value which truncates the
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power series into a polynomial. Do the opposite for an To show this, we start by defining
odd solution. ,
ge=(p® =1)
F. Rodrique’s Formula and find that
d
Rodrique’s formula is di]f =2ul(p? — 1)1
1 d'(p* - 1)
S@,O — PZ(M) = WT and
d2

where Legendre’s Equation is ng =20(p? — 1)1+ 4pP0(0 — 1)(p® — 1)2

P, dP,

(1 —p?) é’i o 24 T: + 0+ 1)Py(pn) =0 We now form (construct)

d? _
(-7 MW = —20(% — 1)" — 4p2e(0 — 1)(u? — 1)
dg

2(0— 1) d; = 4200 = 1)(p* = 1)

+20g, = 20(p? — 1)* (6.29)

The r.h.s. of this equation set adds up to zero, and one obtains on the left:

dge
1-— — +2(0{ — )p— +20g, = .
(1= 1) G5 + 20— Dt + 2= 0 (6:30)

dA(p) 5. d3 d? d? d d
S (1= ) = 2 20— Dppo— +2(0 = 1)— + 20—
m ( M)du3 udﬂ2+( )Mdu2+( )du+ o
[
d? d dgy Continuing, one notices that the changi éfficient
—(1— .2 20— N\ 4 (4p— 9 g, ging coéfficients are
{( ’ )d,u2 (20— )'ud + (40 ) } du regular in their appearance, so that the following table,
which summarizes the pattern of coéfficients,
d®A(p) & d d*ge
=|(1- 20 —6)u— + (60 —6)pu| —=
e ( )d 5 — ( )Mdu +( ) a2
d*>Ap) & d*ge

) = (=) g — 2= S+ 50— 12)) T

|

k=120—-4=20-2x(k+1)| M4 —-2=B+kr)l—2xK| =6if £ =1
Kk=220—6=20—-2x(k+1)|60—6=B+kK){—2xK|=06if £ =2
k=320—8=20—-2x(k+1)|80 —12= 3+ Kl —2xk|=12if £ =3

k=10 20-2x(+1)=2 |80—12=0CB+0(—2+0] =(({+1)

(

leads to generalization by which one finally obtains so, if
9" Al(x) 0 D ge(n) &
—— = |(1- — — +{l+1 ge _
a‘ul ( 2 )a‘uz 6 + ( + ) du‘f dué 7KPZ(,[L)

(6.31)



with K constant, then

1 9dtqp 1 d(p?—1)*
PO =% 0 =& @

Here,
2001

is chosen for K’s value to make the normalization auto-
matic.

G. Generating Function for Legendre Polynomials

The technically correct generating function for Legen-
dre polynomials is via the equation

o0

1 n
Vi i zoan(x)u (6.32)

J

1

(1 — 2zu 4 u2)(1/2) =1—(1/2)(u*—2zu)+

2!

(1/2)((1/2) + 1)
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Here, we expand the denominator using the binomial the-
orem,

1 m(m + 1 m(m—+ 1)(m + 2
g MDA D2

where m = % and the series converges when y < 1. Notice
that it is an alternating series. Identifying y = u? — 22u
we have

(a2 2y (U2(A/2) (/) +2

T (u? —22u)> +- - -

which we now re-arrange in powers of u (in the mode required by Equation [6.32), obtaining

| u? (3/4)
= 1 ——
(1 — 2zu + u?)1/2 g Tt

1. Alternative Generating Function Method

Another method of introducing Legendre Polynomials
is through the generating function. Since this method
is very important in Quantum Mechanical computations
concerning poly-electronic atoms and molecules, it is
worth our attention. When one considers the Hamilto-
nian of the Helium Atom’s electrons, one has

VA 2 VA 2 2
©c e c (6.33)

where r15 is the distance between electron 1 and elec-
tron 2, i.e., it is the electron-electron repulsion term. We
examine this term in this discussion. We can write this
electron-electron repulsion term as

1 1

r2  \/r} 4713 —2riracosd

(6.34)

J

1
1 d (\/1+C2—2C00519>

(u* — dau® + 42%u?) —

1 1
S —_ 1+i
1 \/14+¢2—2Ccosd 71 1! dcosv

cos ¥=0

(1/2)(3/2)(5/2)

i (u? — 2zu)® 4 - -

(

where r; and 7o are the distances from the nucleus to
electrons 1 and 2 respectively. ¢ is the angle between
the vectors from the nucleus to electron 1 and electron
2. It is required that we do this is two domains, one in
which r; > r9 and one in which ro > r;. This is done for
convergence reasons (vide infra). For the first case, we
define

so that ¢ < 1, and Equation [6.34] becomes

11 1
— = (6.35)

T12 E\/1+C2 —2¢ cos®

which we now expand in a power series in cos® (which
will converge while zeta < 1). We have

d2 1
1 v/ 14+¢2—2¢ cos ¥
cosV + —

2
21 d cos 92 008"t -

cos ¥=0
(6.36)



It is customary to change notation from cos® to u, so

11 1
S — (6.37)

12 T14/1+¢2—2Cu

J

1 1 1
— |1+

1+ -2 ™ 1 dp

which we leave in this form, ready to evaluate and equate
to earlier versions of this expansion.

H. The Expansion of a Finite Dipole in Legendre
Polynomials

There is yet another way to see Legendre Polynomials
in action, through the expansion of the potential energy
of point dipoles. To start, we assume that we have a
dipole at the origin, with its positive charge (¢) at (0,0,
a/2) and its negative charge (—q) at (0,0,4a/2), so that

J

1 dU
U(xvyaz7a') = U(xayVZaO) +

1! da|,_,

dl —1L——
1 (,/1+<2—2<u)

a+

20

which we now expand in a power series in p (which will
converge while ¢ < 1). We have

d2 1
n l <\/1+<2—2Cu>
SR 2

pr e |+ (6.38)

pu=0 pn=0

(

the “bond length” is “a”, and therefore the “dipole mo-
ment” is “qa”.

At some point P(z,y, z), located (also) at r,¥,¢, we
have that the potential energy due to these two point
charges is

—4q q

U(m7 y’ Z7 a’) =

VaZ+y?+ (2 — a/2)2+\/x2 +y2 4 (z+a/2)?

which is just Coulomb’s law.
If we expand this potential energy as a function of “a”,
the “bond distance”, we have

1 d*U

14U 2, 1L U
2! da?

3
sl das| T

a=0

a=

All we need do, now, is evaluate these derivatives. We have, for the first

1 dU

2(z — a/2)(=1/2)

1! da
which is, in the limit ¢ — 0,

so, we have, so far,

)
s 0= () 0= (5

r3

(z—a/2)

2z +a/2)(1/2) D

LG N O e e RN Ol e

(

i.e., to the dipolar form.

For the second derivative, we take the derivative of the
first derivative:

du
1 dgs

(z+a/2) ] )

1 [d ([(w2+y2+(z—a/2>2>>3/2} T [<w2+y2+<z+a/2>2)>3/2

2! da

a=0

which equals zero. The next term gives
cos? (3 — 5cos? ¥
st )
8rd

da

and so it goes.



I. Alternative Formulations for Angular
Momentum Operators

To proceed, it is of value to inspect the angular mo-
mentum operator in terms of angles rather than Carte-
sian coordinates.

Remember that

x = rsinv cos ¢
y = rsindsin ¢

z=rcost

We start with a feast of partial derivatives:

21

P _cos¢
(@)z,z ~ rsind (6.46)

9o\
(mLyO

which we employ on the defined x-component of the an-
gular momentum, thus

(6.47)

L, =yp, — zpy = —thsind¥sin gbag — (—zh cos 195)
z Yy

or .
(am>y7z = sin 4 cos ¢ (6.39)  here
9 (87") 0 n (819) 0 n (8¢> 0
9z \oz)_ . or \oz) o9 \odz)_ . 8¢
() amosns goa T B T A0
v).. —(oost) 5+ () 5+ O 45
and
((%> = cos? (6.41)
92) 0 o (o o (00 9 (00} @
dy  \dy . or oy o oY y . o
(819) _ costcos ¢ (6.42)
ox ), . r —(sinﬁsin¢)2+ cos ¥ sin ¢ g_’_ cosg \ 9
N or r oY rsind /) 0¢
(819> = cosVsing (6.43) and parenthetically,
dy o r
9 _ (37“) 9 (319> 3+<3¢’> 9
@ B _sinﬁ (6.0 or or v. or oz . 09 oz v. a¢
0z ) ., N r '
) 0 cosdcosp\ 0 sing \ 0
d finall — (s L) IR UERYY 2 _ il
and finally (sind cos ¢) 8r+< " )819+( rsinﬁ) 26
0¢ __sing
<8gc>y7z ~ rsind (645)  so,
J
L, =yp, — 2p, = —lirsindsin ¢ ((cosﬁ) % + (— Sliﬁ> 8819>
) ) 0 cos¥sing\ 9 cos¢p \ 0
— (—ZhTCOS’l? <(Sln'l981n¢) E + (7‘) % + <7"Slnﬂ> % > (648)

At constant r, the partial with respect to r looses mean-

(

ing, and one has

Lo = rsindsin ¢ <—|— (_s1n19
,

))

cos¥sing) 0 cos¢p \ 0
—cos ((r) Er] + (rsinﬂ) 6¢> (6.49)




which leads to (combining the ¥ partial derivative terms
and cancelling the r terms)

. 0 cosdcosp O
Lw =h <Sln ¢3719 + 7Sin’[9 ad)) (650)
and similar arguments lead to
0 cosd¥sing 0
0
L, =1h— .52
. zha¢ (6.52)

with

s o 1 [9sindg; 9%
Lr=-h (mﬁﬁl o9 | og2 (6.53)

We see that the operator associated with Legendre’s
Equation (multiplied by a constant) has emerged, mean-
ing that Legendre Polynomials and angular momentum
are intimately asssociated together.
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and knowing
LmLy*LyLz = (ypz7Zpy)(mefxpz)7(mefxpz)(ypzfzpy)
which is

= YPz2Px — YP2TPr — ZPyZPx + ZPyTPr — ZPzYPz
+2Pr 2Dy + TPLYP2 — TP22Py = YP22Dx

which is, reordering:

= YP2ZPx — ZPzxYDz — YP2TPz + TP YDz
—ZPyZPy + ZP2ZPy T ZPyTP, — TP ZPy

which is, cancelling:
= YP22ZDx — ZDzYPz + ZPyXPz — TP 2Dy
= Z/pz(pzz - sz) + ijy(sz - pzz)

= ypz(—ih) + zp, (2h)
= Zh(xpy - ypm) =ahl, = [an Ly]

that

Ly, Ly] =hL, (6.54)
J. Ladder Operator for Angular Momentum
Defining [Ly, L.] = hL, (6.55)
Lt =L, + 1Ly
and [L., L] =1hL, (6.56)
L™ =Ly — 1Ly and knowing
[Loy L) = Ly(Ly +1Ly) — (Ly +1Ly) Ly
which is, expanding:
=LyLy+1LyLy— LyLy—1LyL,
=L,L, —LyL,+«(LyLy,— LyLy,)
= +2(ehL,)
=—hL,
we derive that and its companion
L,, L") =—hL, 6.57
| ! ( ) [L.,L7] = —hL*t (6.60)
Ly, LT =hL, (6.58) This last equation tell us that L+ ladders us up, and L~
ladders us down on L, components. If
[L.,L"] =hL™" (6.59) L,| >= something| >



then
L™ L,| >= somethingL™| >
or

[L.L™ + h]| >= somethingL™| >
L.L™| >= (something — h)L™| >

which means that where ever we were, we are now lower
by h.

C-|

K
K-h
K-2"h
K-3h
K—4h
K-5"h

FIG. 2: Laddering Down on the z-component of angular mo-
mentum

Next, we need an expression for LTL™, not the com-
mutator. It is:

LTL™ = (Ly +1Ly)(Ly —1Ly)

= L2+ L) +1(LyLy — LyLy)
or

=12+ L§ + L2 +o(LyLy — LyLy) — L?
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or
=L2+ L.+ L+2"+(—hL,) - L2
ie.
LYL™ =L*+hL, —L?
and repeating this for the other order, one has

L L"=L?-hL, - L?
If

L,| >=Kh| >
with no intentional restriction on the value of K, and

L? >= K'R*LT| > (6.61)

L™LY| > +hL,| > +L? >= K'1?| >

If this particular ket is the highest one, |hi >, then lad-
dering up on it must result in destruction, so we have

+hL,|hi > +L2|hi >= K'h?|hi >

+(hi)h?|hi > +(hi)*h?|hi >= K'h?|hi >
which means that
+(hi) + (hi)* = K’
while, working down from the low ket one has
LYL™|lo> —hL.|lo > +L%|lo >= K'h*|lo >
which is
—(lo)R*L.|lo > +(l0)*h?|lo >= K'R?|lo >
ie.,
—(lo) + (l0)? = K’

which means

—(l0) + (10)2 = K" = +(hi) + (hi)* = (10)((lo) — 1) = (hi)((hi) + 1)

which can only be true if (lo) = - (hi). Say (hi) = 7,
then K’ = 7*8 and -7(-7-1) which is the same! Note that

(

if (hi) = 7.1 then (lo) can not be achieved by stepping
down integral multiples of f.



VII. LAGUERRE POLYNOMIALS

The radial equation for the H-atom is

Ze?

@ 2d R(r) — TR(T) = FER(r)

h2
i

rdr r2

e(z+1)}

which we need to bring to dimensionless form before pro-
ceeding (text book form). Cross multiplying, and defin-
ing e = —F we have

d2
[drz "

and where we are going to only solve for states with € > 0,
i.e., negative energy states.

2d

rdr T

L0 +1 2uZe?
(‘fz' )]R(r)+ /;26
T

R(r)——R(r)=0

d? d
Defining a dimensionless distance, p = ar we have (xdxg + @3- x)% + (o — 2)) a2 0 (7.5)
4 = dp d = ai Generalizing, we have
dr drdp dp
so that the equation becomes xd—z +(k+1- x)i + (a—k) @ =0 (7.6)
d dz? dz dzk ’
> 2d (U+1 2uZe*a 2/1€
o le o ( 2 )] R(p)+——7 —Rlp)=— 5 R(p) =0
pmopar P P VIII. PART 2
which is, upon dividing through by o?,
Consider Equation [7.1
 2d ((l+1) 2uZe? 2ue
-— t+t -5 - R([))+ R(p)— R(p) =0 d2 2.d 00 1 207 2
dp? " pdp  p2 m2pa h2a2 & 2d oy LT P2C R(p)—R(p) =0
T ) = S R )R (o)
Now, we choose « as (8.1)
if we re-write it as
o = 2ue 2 2
T2 d 5 d L+ 1} R 2uZe B
— _——— + R(p) —pR(p) =0
) [p o +2a = L () + 2T R - ()
(8.2)
2 2d e+1 2uZe? (for comparison with the following):
&2 D p) + 227 k)~ ip) = 0
dp® ~ pdp P pe k1 K21
11 /! x
(7.1) Ty + 2y +<n——— >y: (8.3)
To continue, we re-start our discussion with Laguerre’s 2 4 dx
differential equation: ) o . 1
Notice the similarity if p ~ x, i.e., powers of x, z7" etc.,
d?y dy
T i? + x)dx Ty (7.2) 2nZe =n- k-1 (8.4)
h o 2
To show that this equation is related to Equation [7.1] we
differentiate Equation [7.2]
x
p=— (8.5)
d(x;%’nL(l—x)%Jray:O) (73) 4
dx ’
which gives k-1 = (et 1) (8.6)

y// +xy/// _ y/ + (1 _ x)y// +ozy’ -0
which is

zy" +2-z)y" +(a—-1)y' =0
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or

(xCZSQ—&-(Q—x)CZC—i—(a—l))Zz:O (7.4)

Doing it again (differentiating), we obtain

d(zy" +2—-2)y" + (a—1)y =0)
dzx

which leads to
y/// + xy”" _ y// + (2 _ a:)y"’ + (a _ 1)y// -0
which finally becomes

Ty _

4x p

We force the asymptotic form of the solution y(x) to
be exponentially decreasing, i.e.,

y = e 2 2x*k=1/2y (g (8.7)



and “ask” what equation v(z) solves. We do this in two
steps, first assuming

y = e "Pu(z)
and then assuming that w(x) is

w = zF 1/ 2y(z)

k—1

2

k—1
y'(x) =

which we now substitute into Equation to obtain

, k-1
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So, assuming the first part of Equation we have

k—1

y'(x) = )

x(k73)/2w(:€) + x(kfl)/zw'(;z:)

and

k—1

?x(k—ii)/lw(x) + T:U(k_?’)/Qw'(x) + Tx(k—3)/2u)/($) + x(k_l)/Qw”(x) -0

(

k—3
zy” = 7733(1“73)/211)(%) + (k= 1)zt =72 () 4+ BT/ 2" (z)

2

-1
2y = Qka(kfg)/Qw(x) + 22 =D/24 (1)

ny = nz* Y2y (z)

—kily: kilz(kil)/zu)
2 2
. L (e1)/2
I
2 2
k471y: k 47193(,%3)/210%0
T
or
k—1
xw”—i—(k‘—l—l)w'—l—(n—2—z>w:0 (8.9)
IX.
Now we let

w = e~ ?p(x)
(as noted before) to obtain

/

w' = —%e‘x/% + e~/

1 _ _ _
w//:Ze m/2,U_e z/2v/+e 1/20//

(8.8)
so, substituting into Equation [8.8) we have
" = e™/? (%v —zv' + xv")
k+1
(k+1)w' =e /2 (—;v + (k+ 1)1/)
k-1 =z k-1 =z
e — e T/2 -z
(n 5 4) w=e <n 5 4) (9.1)
=01(9.2)

so, v solves Equation if & = n. Expanding the r.h.s.
of Equation [0.1] we have

T ” , k-1 k+1

—_ — — 1— _—_—— — =
TR +(k+1—z)v'+ <n 5 5 v 0
i.e.,

2" +(k+1—2)' +(n—kv=0
which is Equation ie.,

'y
dz*



and

K—1)/2d"y"

/2,
Yy e xr d$k

or
1 1 —x/2 —x/2,/ —x/2, 1
w = Ze v—e v +e v
so, substituting into Equation [8:8 we have
x
zw” = e /2 (ZU — v + a:v”)

(k+Dw' =e™o/? (—Iﬁ_lv + (k+ 1)1/)

(nkgl‘Z)w—ew/? <nk;1i>v(9.3)
=0(9.4)

so, v solves Equation [7.0]if & = n. Expanding the r.h.s.
of Equation [9.3] we have

r ,, , k—1 k+1

—_ — — 1— _—_— — — =
i 4—1—1‘1} +(k+1—z)v'+ (n 5 5 v
ie.,

2"+ (k+1—a)' +(n—kv=0

which is Equation ie.,

_d'y
dz*
and
dky*
_ —x/2 (k—1)/2
y=e /2 (k=1)/ —F
or

R(p) = e ?2p* =D LE (p)
where y* and R(p) are solutions to Laguerre’s Equation

of degree n. Wow.

X. PART 3

Now, all we need do is solve Laguerre’s differential
equation.

oy +(1—2)y +vy=0

where v is a constant (to be discovered). We let

?
Yy = E araz
A=0
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and proceed as normal

zy” = 2a01 + (3)(2)azz? + (4)(3)agx® + - - -
4+ = (2)agx + (3)azx® + (4)agz® + - --
—xy’ = —agr — (2)agr? — (3)azr® — - -

+vy = vag +yarx + yagz® +--- =0 (10.1)

which yields

ap = —7ao
|
ao =
2 4 ay
2—7
as = a
3 g 2
3
as = 16%3 (10.2)
or, in general,
J—"

which means

a; = ——ap
0 — (- v)vao
(4)(1)
PR Cnl D] Clente) o B8
(9)(4)(1)
g = B=NC=NU =)y,
wO)Hm
(10.3)
which finally is
o — _mao
! 1T, (k)
and
P o ) B e A
aj+1 = (.] 7) (] i 1)()21_[%:1(]{:2) 0= (] + 1)2 J

which implies that

aj1  J—o 1

aj — (G+1?
as j — oo. This is the behaviour of y = e*, which would
overpower the previous Ansatz, so we must have trunca-
tion through an appropriate choice of v (i.e., v = n*).

XI.

If v were an integer, then as j increased, and passed
into v we would have a zero numerator in the expression
U=

ST G2y




and all higher a’s would be zero (i.e., not a power series
but a polynomial instead)! But

9  2ue 2uFE
— ? = — h2
so, from Equation [8.6] we have
k*—1
Y L(0+1)

k> —1 =407 + 4¢

k=241

SO

k2—1 20+1-1
2 2

=/

and therefore Equation [8:3] tells us that

< . k= 1) . 217 e?
n ———- =n — = 3
ha
implies
_ 2uZe?
h2(n* —1)?
o? — _2uE _ puZ%e
h? Ri(nr —10)2
ie.,
. puZ%e
© 2R%(n —0)?

[1] the only thing that happens in making the complex con-
jugate is that each 1 is changed to —: (and each —1 — 1).
[2] the ‘bracket’, hah, hah.

[3] notice the rewriting into momentum language!

[4] The limits correspond to ¥ =0 to ¥ ==
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